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a b s t r a c t
In this paper, J.H. He’s Exp-functionmethod is used to obtain a generalized soliton solution
with some free parameters of the Zakharov–Kuznetsov-Modified Equal-Width (ZK-MEW)
equation. Suitable choice of parameters in the generalized solution leads to Mustafa
Inc’s solution [M. Inc, New exact solutions for the ZK-MEW equation by using symbolic
computation, Applied Mathematics and Computation 189 (1) (2007) 508–513]. The results
show that He’s method is very powerful and convenient.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The investigation of exact solutions of nonlinear evolution equations (NLEEs) plays an important role in the study of
nonlinear physical phenomena and gradually becomes one of the most important and significant tasks. In the past several
decades, both mathematicians and physicists have made significant progress in this direction.
Recently, He proposed a straightforward and concise method, called Exp-function method [1–10], to obtain generalized
solitonary solutions and periodic solutions of NLEEs. Taking advantage of the generalized solitonary solutions, we can
recover some known solutions obtained by the most existing methods such as decomposition method [11,12], tanh-
function method [13–15], algebraic method [16], extended Jacobi elliptic function expansion method [17,18], F-expansion
method [19,20], auxiliary equation method [21] and others. By the help of symbolic mathematical tools, the solution
procedure of this method is of utter simplicity and the method can be easily extended to all kinds of NLEEs.
The goal of the present paper is to apply the Exp-function method to the two-dimensional ZK-MEW equation [22–33] to
finding some new solitonary solutions, and shows the great effectiveness of the introduced method.
2. Two-dimensional ZK-MEW equation
The two-dimensional ZK-MEW equation is given by
ut + α
(
u3
)
x +
(
βuxt + γ uyy
)
x = 0. (1)
Defining η as follows
η = kx+ ly+ ωt. (2)
Eq. (1) turns out to be the following form
ωu′ + 3αku2u′ + (βk2ω + γ l2k) u′′′ = 0. (3)
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Integrating Eq. (3) and setting the constant of integration to be zero, we obtain
ωu+ αku3 + (βk2ω + γ l2k) u′′ = 0. (4)
According to He’s Exp-function method, we assume that the solution can be expressed in the following form
u (η) = ac exp (cη)+ · · · + a−d exp (−dη)
ap exp (pη)+ · · · + a−q exp (−qη) . (5)
To determine values of c and p, we balance the linear term of highest order in Eq. (4) with highest order linear and nonlinear
term. By simple calculation, we have
u′′ = c1 exp [(c + 2d+ 2p+ 4q) η]+ · · ·
c2 exp [(2d+ 3p+ 4q) η]+ · · · (6)
and
u3 = c3 exp [(3c + 3q) η]+ · · ·
c4 exp [(3p+ 3q) η]+ · · · (7)
where ci are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Eqs. (6) and (7), we have
c + 2d+ 2p+ 4q = 3c + 3q+ 2d+ q. (8)
Obviously, this leads to the result
p = c. (9)
The values of d and q can be determined in a similar way. We balance the linear term of lowest order in Eq. (4)
u′′ = · · · + d1 exp [(d+ 2q) η]· · · + d2 exp [(2d+ q) η] (10)
with the nonlinear term
u2 = · · · + d3 exp [(3q− 3d) η]· · · + d4 exp [(0) η] (11)
where di are determined coefficients only for simplicity.
Balancing lowest order of Exp-function in Eqs. (10) and (11), we have
d+ 2q = 3q− 3d+ 2d+ q. (12)
Obviously, this leads to the result
d = q. (13)
Case 1. p = c = q = d = 1.
Using the Exp-function method, we get following solution
u (η) = a1e
η + a0 + a−1e−η
b1eη + b0 + b−1e−η . (14)
For simplicity, we assume
a1 = a−1 = b0 = 0. (15)
Eq. (14) turns out to be
u (η) = a0
b1eη + b−1e−η . (16)
Substituting Eq. (16) into Eq. (4), we have
1
A
(
c5e5η + c3e3η + c1eη
) = 0 (17)
where
A = (b−1 + e2ηb1)3
c1 = kl2γ a0b2−1 + ωa0b2−1 + k2βωa0b2−1
c3 = kαa30 − 6kl2γ a0b−1b1 + 2ωa0b−1b1 − 6k2βωa0b−1b1
c5 = kl2γ a0b21 + ωa0b21 + k2βωa0b21.
(18)
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Equating the coefficients of enη to be zero,{c5 = 0
c3 = 0
c1 = 0
(19)
we have
ω = − kαa
2
0
8b−1b1
l = −
√
α
√
1+ k2βa0
2
√
2
√
γ
√
b−1
√
b1
(20)
and
ω = − kαa
2
0
8b−1b1
l =
√
α
√
1+ k2βa0
2
√
2
√
γ
√
b−1
√
b1
. (21)
Substituting Eq. (20) into Eq. (16), we obtain
u (x, t) = a0
e
−kx+ ktαa
2
0
8b−1b1 +
y
√
α
√
1+k2βa0
2
√
2
√
γ
√
b−1
√
b1 b−1 + e
kx− ktαa
2
0
8b−1b1 −
y
√
α
√
1+k2βa0
2
√
2
√
γ
√
b−1
√
b1 b1
. (22)
Substituting Eq. (21) into Eq. (16), we obtain
u1 (x, t) = a0
e
−kx+ ktαa
2
0
8b−1b1 −
y
√
α
√
1+k2βa0
2
√
2
√
γ
√
b−1
√
b1 b−1 + e
kx− ktαa
2
0
8b−1b1 +
y
√
α
√
1+k2βa0
2
√
2
√
γ
√
b−1
√
b1 b1
. (23)
If we set
k =
√
−c
βc − γ b−1 = b1 = 1 a0 = 2
√
2c
α
c
βc − r < 0, (24)
Eq. (23) reduces to
u1 (x, t) =
2
√
2c
a
e
−
√
− c
βc−r (−ct+x+y) + e
√
− c
βc−r (−ct+x+y)
=
√
2c
a
Sech
[√
− c
βc − r (−ct + x+ y)
]
. (25)
Eq. (25) is the same as Mustafa Inc’s solution Ref. [22, Eq. 32].
If we set
k = I
√
−c
βc − γ b−1 = b1 = 1 a0 = 2
√
2c
α
c
βc − r > 0 −
pi
2
<
c
βc − r (x+ y− ct) <
pi
2
(26)
where I is an imaginary unit, Eq. (23) reduces to
u1 (x, t) =
2
√
2c
a
e
−I
√
c
βc−r (−ct+x+y) + eI
√
c
βc−r (−ct+x+y)
=
√
2c
a
Sec
[√
c
βc − r (−ct + x+ y)
]
(27)
which is in accordance with Mustafa Inc’s solution [22–30].
If we set
k = I
√
−c
βc − γ b−1 = −1 b1 = 1 a0 = 2I
√
2c
α
c
βc − r > 0 0 <
c
βc − r (x+ y− ct) < pi, (28)
Eq. (23) becomes
u1 (x, t) =
2I
√
2c
a
e
−I
√
c
βc−r (−ct+x+y) − eI
√
c
βc−r (−ct+x+y)
=
√
2c
a
Csc
[√
c
βc − r (−ct + x+ y)
]
(29)
which is equivalent with Mustafa Inc’s solution Ref. [22, Eq. 32].
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Case 2. p = c = q = d = 2.
Using the Exp-function method, we get the following solution
u (η) = a2e
2η + a1eη + a0 + a−1e−η + a−2e−2η
b2e2η + b1eη + b0 + b−1e−η + b−2e−2η . (30)
Case 1. a1 = a−1 = a2 = a−2 = b0 = b1 = b−1 = 0.
For simplicity, we assume
a1 = a−1 = a2 = a−2 = b0 = b1 = b−1 = 0. (31)
Eq. (30) turns out to be
u (η) = a0
b2e2η + b−2e−2η . (32)
Substituting Eq. (32) into Eq. (4), we have
1
A
(
c10e10η + c6e6η + c2e2η
) = 0 (33)
where
A = (b−2 + e4ηb2)3
c2 = 4kl2γ a0b2−2 + ωa0b2−2 + 4k2βωa0b2−2
c6 = kαa30 − 24kl2γ a0b−2b2 + 2ωa0b−2b2 − 24k2βωa0b−2b2
c10 = 4kl2γ a0b22 + ωa0b22 + 4k2βωa0b22.
(34)
Equating the coefficients of enη to be zero,{c10 = 0
c6 = 0
c2 = 0
(35)
we have
ω = − kαa
2
0
8b−2b2
l = −
√
α
√
1+ 4k2βa0
4
√
2
√
γ
√
b−2
√
b2
(36)
and
ω = − kαa
2
0
8b−2b2
l =
√
α
√
1+ 4k2βa0
4
√
2
√
γ
√
b−2
√
b2
. (37)
Substituting Eq. (36) into Eq. (32), we obtain
u1 (x, t) = a0
e
−2
(
kx− ktαa
2
0
8b−2b2 −
y
√
α
√
1+4k2βa0
4
√
2
√
γ
√
b−2
√
b2
)
b−2 + e
2
(
kx− ktαa
2
0
8b−2b2 −
y
√
α
√
1+4k2βa0
4
√
2
√
γ
√
b−2
√
b2
)
b2
. (38)
Substituting Eq. (37) into Eq. (32), we obtain
u2 (x, t) = a0
e
−2
(
kx− ktαa
2
0
8b−2b2 +
y
√
α
√
1+4k2βa0
4
√
2
√
γ
√
b−2
√
b2
)
b−2 + e
2
(
kx− ktαa
2
0
8b−2b2 +
y
√
α
√
1+4k2βa0
4
√
2
√
γ
√
b−2
√
b2
)
b2
. (39)
These are new solutions.
Case 2. a1 = a−1 = b1 = b−1 = 0.
For simplicity, we assume
a1 = a−1 = b1 = b−1 = 0. (40)
Eq. (30) turns out to be
u (η) = a2e
2η + a0 + a−2e−2η
b2e2η + b0 + b−2e−2η . (41)
Substituting Eq. (41) into Eq. (4), we have
1
A
(
c12e12η + c10e10η + c8e8η + c6e6η + c4e4η + c2e2η + c0
) = 0 (42)
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where
A = (b−2 + e2ηb0 + e4ηb2)3
c0 = kαa3−2 + ωa−2b2−2
c2 = 3kαa2−2a0 + 4kl2γ a0b2−2 + ωa0b2−2 + 4k2βωa0b2−2 − 4kl2γ a−2b−2b0 + 2ωa−2b−2b0 − 4k2βωa−2b−2b0
c4 = 3kαa−2a20 + 3kαa2−2a2 + 16kl2γ a2b2−2 + ωa2b2−2 + 16k2βωa2b2−2 − 4kl2γ a0b−2b0 + 2ωa0b−2b0
− 4k2βωa0b−2b0 + 4kl2γ a−2b20 + ωa−2b20 + 4k2βωa−2b20 − 16kl2γ a−2b−2b2 + 2ωa−2b−2b2
− 16k2βωa−2b−2b2
c6 = kαa30 + 6kαa−2a0a2 + 12kl2γ a2b−2b0 + 2ωa2b−2b0 + 12k2βωa2b−2b0 + ωa0b20 − 24kl2γ a0b−2b2
+ 2ωa0b−2b2 − 24k2βωa0b−2b2 + 12kl2γ a−2b0b2 + 2ωa−2b0b2 + 12k2βωa−2b0b2
c8 = 3kαa20a2 + 3kαa−2a22 + 4kl2γ a2b20 + ωa2b20 + 4k2βωa2b20 − 16kl2γ a2b−2b2 + 2ωa2b−2b2
− 16k2βωa2b−2b2 − 4kl2γ a0b0b2 + 2ωa0b0b2 − 4k2βωa0b0b2 + 16kl2γ a−2b22 + ωa−2b22 + 16k2βωa−2b22
c10 = 3kαa0a22 − 4kl2γ a2b0b2 + 2ωa2b0b2 − 4k2βωa2b0b2 + 4kl2γ a0b22 + ωa0b22 + 4k2βωa0b22
c12 = kαa32 + ωa2b22.
(43)
Equating the coefficients of enη to be zero,{c12 = 0 c10 = 0
c8 = 0 c6 = 0 c0 = 0
c4 = 0 c2 = 0
(44)
we have
l = −
√
ω − 2k2βω√
2
√
k
√
γ
, a0 = −
√
−ωb20+4ωb−2b2
k√
α
, a−2 = −
b−2
√
ωb20b
2
2−4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 =
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
(45)
or
a−2 = −
b−2
√
ωb20b
2
2−4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 =
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 = −
√
−ωb20+4ωb−2b2
k√
α
, l =
√
ω − 2k2βω√
2
√
k
√
γ
(46)
or
a−2 = −
b−2
√
ωb20b
2
2−4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 =
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 =
√
−ωb20+4ωb−2b2
k√
α
, l = −
√
ω − 2k2βω√
2
√
k
√
γ
(47)
or
a−2 = −
b−2
√
ωb20b
2
2−4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 =
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 =
√
−ωb20+4ωb−2b2
k√
α
, l =
√
ω − 2k2βω√
2
√
k
√
γ
(48)
or
a−2 =
b−2
√
ωb20b
2
2
kα −
4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 = −
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 = −
√
−ωb20+4ωb−2b2
k√
α
, l = −
√
ω − 2k2βω√
2
√
k
√
γ
(49)
or
a−2 =
b−2
√
ωb20b
2
2
kα −
4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 = −
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 = −
√
−ωb20+4ωb−2b2
k√
α
, l =
√
ω − 2k2βω√
2
√
k
√
γ
(50)
or
a−2 =
b−2
√
ωb20b
2
2
kα −
4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 = −
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 =
√
−ωb20+4ωb−2b2
k√
α
, l = −
√
ω − 2k2βω√
2
√
k
√
γ
(51)
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or
a−2 =
b−2
√
ωb20b
2
2
kα −
4ωb−2b32
kα
b2
√
−b20 + 4b−2b2
, a2 = −
√
ωb20b
2
2
kα −
4ωb−2b32
kα√
−b20 + 4b−2b2
, a0 =
√
−ωb20+4ωb−2b2
k√
α
, l =
√
ω − 2k2βω√
2
√
k
√
γ
. (52)
All these results will lead to soliton solutions.
3. Conclusion
In summary, the Exp-functionmethod with a computerized symbolic computation is proposed to obtain the generalized
solitonary solutions to nonlinear evolution equations arising in mathematical physics. As a result, some new solutions for
the ZK-MEW equation have been found. It is worthwhile to mention that the proposed Exp-function method is of utter
straightforward and concise.
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